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 The equations of solute transport in the one-dimensional case are written in the 

form 

 

  𝜌
𝜕𝑆𝑎1

𝜕𝑡
+ 𝜌

𝜕𝑆𝑠1
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𝜕2𝑐1

𝜕𝑥2
− 𝜃1𝑣1

𝜕𝑐1

𝜕𝑥
,     

(1) 

 

where a_2 – is the coefficient due to the solute transport into the second medium,

〖 s〗^(β-1), γ-is the order of the derivative. 

Let the problems of finding coefficients a_2 and D_1 from (1) be given. 

The sedimentation of matter in each of the sections of the zones occurs reversibly 

in accordance with the kinetic equations 

   𝜌
𝜕𝑆𝑎1

𝜕𝑡
= 𝜃1𝑘𝑎1𝑐1 − 𝜌𝑘𝑎𝑑1𝑆𝑎1,                      (2) 

   𝜌
𝜕𝑆𝑠1

𝜕𝑡
= 𝜃1𝑘𝑠1𝑐1 − 𝜌𝑘𝑠𝑑1𝑆𝑠1,                                 (3) 

where k_a1, k_s1 ‒ coefficients of deposition of matter from the fluid phase to the 

solid phase, s^(-1); k_ad1, k_sd1-the coefficients of separation of the substance 

from the solid phase and the transition to the fluid, s^(-1). 

Let a fluid with a constant concentration of a substance be pumped into a medium 

initially saturated with a pure (without substance) fluid from the initial moment of 
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time c_0. Let us consider such periods of time where the concentration field does 

not reach the right boundary of the medium x→∞. Under these assumptions, the 

initial and boundary conditions for the problem have the form 

𝑐1(0, 𝑥) = 0,  𝑆𝑎1(0, 𝑥) = 0,  𝑆𝑠1(0, 𝑥) = 0,                               (4) 

 

𝑐1(𝑡, 0) = 𝑐0,                           (5) 

 

𝜕𝑐1

𝜕𝑥
(𝑡, ∞) = 0.                       (6) 

Problem (4) – (9) is solved by the finite difference method [21]. In the considered 

area Ω={(t,x),0≤t≤T,0≤x≤∞} introduced a grid uniform in directions 

 

 𝜔𝜏ℎ̅̅ ̅̅ ̅̅ = {

(𝑡𝑗 , 𝑥𝑖);  𝑡𝑗 = 𝜏𝑗, 𝑥𝑖 = 𝑖ℎ,

𝜏 =
𝑇

𝐽
, 𝑖 = 0, 𝐼  ̅̅ ̅̅ ̅̅ , 𝑗 = 0, 𝐽  ̅̅ ̅̅ ̅̅

}, 

 

where I-is a sufficiently large integer selected so that segment [0,x_I ],x_I=ih, 

overlaps the area of the calculated change in fields c_1,S_a1 and 〖 S〗_s1,h-   the 

grid step in the direction of x,   – is the grid step in time  . 

 

In the open grid area 

 

 𝜔𝜏ℎ = {

(𝑡𝑗 , 𝑥𝑖);  𝑡𝑗 = 𝜏𝑗, 𝑥𝑖 = 𝑖ℎ,

𝜏 =
𝑇

𝐽
, 𝑖 = 1, 𝐼 − 1  ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 𝑗 = 1, 𝐽  ̅̅ ̅̅ ̅̅

}
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equations (4), (5), (6) were approximated as follows 

𝜌
(𝑆𝑎1)𝑖

𝑗+1
− (𝑆𝑎1)𝑖

𝑗

𝜏
+ 𝜌

(𝑆𝑠1)𝑖
𝑗+1

− (𝑆𝑠1)𝑖
𝑗

𝜏
+ 𝜃1

(𝑐1)𝑖
𝑗+1

− (𝑐1)𝑖
𝑗

𝜏

+
𝑎2𝜏1−𝛾

Г(2 − 𝛾)
[∑

(𝑐1)𝑖
𝑘+1 − (𝑐1)𝑖

𝑘

𝜏
((𝑗 − 𝑘 + 1)1−𝛾 − (𝑗 − 𝑘)1−𝛾)

𝑗−1

𝑘=0

+
((𝑐1)
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𝑖
𝑗
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]
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𝑖
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𝑖
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ℎ
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𝜌
(𝑆𝑎1)𝑖

𝑗+1
−(𝑆𝑎1)𝑖

𝑗

𝜏
= 𝜃1𝑘𝑎1(𝑐1 )𝑖

𝑗
− 𝜌𝑘𝑎𝑑1(𝑆𝑎1)𝑖

𝑗+1
,            (8) 

𝜌
(𝑆𝑠1)𝑖

𝑗+1
−(𝑆𝑠1)𝑖

𝑗

𝜏
= 𝜃1𝑘𝑠1(𝑐1 )𝑖

𝑗
− 𝜌𝑘𝑠𝑑1(𝑆𝑠1)𝑖

𝑗+1
,               (9) 

where (𝑐1)𝑖
𝑗
, (𝑆𝑎1)𝑖

𝑗
, (𝑆𝑠1)𝑖

𝑗
− grid function values  𝑐1(1, 𝑥),  𝑆𝑎1(𝑡, 𝑥),  𝑆𝑠1(𝑡, 𝑥),   

at the point (𝑡𝑗 , 𝑥𝑖). 

From explicit grid equations (11), (12) we determine (𝑆𝑎1)𝑖
𝑗+1

, (𝑆𝑠1)𝑖
𝑗+1

 

 

(𝑆𝑎1)𝑖
𝑗+1

= 𝑝𝑏1(𝑆𝑎1)𝑖
𝑗

+ 𝑝𝑏2,                        (10) 

 

(𝑆𝑠1)𝑖
𝑗+1

= 𝑞𝑏1(𝑆𝑠1)𝑖
𝑗

+ 𝑞𝑏2,                             (11) 

Where 
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𝑝𝑏1 =
1

1 + 𝜏𝑘𝑎𝑑1

,    𝑝𝑏2 =
𝜏𝜃1𝑘𝑎1

𝜌 + 𝜌𝜏𝑘𝑎𝑑1

(𝑐1
 )𝑖

𝑗
, 

 

𝑞𝑏1 =
1

1 + 𝜏𝑘𝑠𝑑1

, 𝑞𝑏2 =
𝜏𝜃1𝑘𝑠1

𝜌 + 𝜌𝜏𝑘𝑠𝑑1

(𝑐1
 )𝑖

𝑗
. 

Grid equations (7) are reduced to the form 

𝐴1(𝑐1)𝑖−1
𝑗+1
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𝑖
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𝑗
,              (12) 
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22121 






=−=

t

C
aICCI  

The following procedure for calculating the solution is established. By (10), (11) 

(S_a1 )_i^(j+1), (S_s1 )_i^(j+1), are determined, then the system of linear equations 

(12) is solved by the Thomas’ algorithm with respect to (c_1 )_i^(j+1). Since 

p_b1,q_b1<1, schemes (10), (11) are stable, and for (12) the stability conditions of 

the Thomas’ algorithm are satisfied. 

we minimize the function using the above, 
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Values   describe the standard deviation for the entire time period. I_1  and I_2 the 

performed calculations show that the minimum value of 1 is reached 

The closeness of the flow times should guarantee the closeness of the concentration 

fields determined using the proposed approach . I_1  and I_2  and the model [4]. To 

quantitatively estimate their closeness, we use the standard deviation of type (14), 

which is determined based on only two models, i.e.  

( )  −=

T L

dxdtCCaF

0 0

2)2(
1

)1(
12 ,),(  

where C_1^((1)) is the concentration field C_1 (t,x) at a given t, defined according 

to [4], and C_1^((2)) is the same here. The following minimum value was obtained 

for the cases analyzed above 

𝐹(𝑎2, 𝐷) =  0,002347387654452   for   а2 = 0,0006, 𝐷 = 10−6. 

The inverse problem of finding а_2 retardation factor  and D diffusion coefficient 

was numerically solved in the given model of substance transport. 
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