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Abstract 

This article is devoted to the study of the effect of heat source on ambient density in 

non-linear heat dissipation processes in multidimensional areas. In order to solve the 

linear heat dissipation equation in the process of work, an self-similar solution was 

built in accordance with the characteristics of the ambient density and heat source, 

reaction-diffusion processes were observed, theorems were proved. The following 

results were obtained from this work: front-end evaluation for the two-time linear 

heat dissipation equation, localization process was observed, finite velocity was 

calculated as approximate, new effects were observed, algorithm was built according 

to the obtained self-similar solution, program code was created in the programming 

language and the process was modeled. All results were compared. 

 

Keywords:  Multidimensional areas, linear heat dissipation, parabolic equation, 

asymptotic, finite speed, approximation, self-similar, reaction-diffusion, system, 

numerical solution. 

 

Introduction 

At present, one of the most frequent processes of quenching is the process of heat 

dissipation, when the main phenomenon in this process depends on what area the 

heat is distributed. The philosophy of Life shows that the spread of heat in nature 

can be either in a multidimensional area or in a one-dimensional area. Of course, in 

this process, we must draw up the evolutionary equation of the process, taking into 

account the density of the environment, the positive or negative of the heat source, 

the heat capacity, the dependence of the environment on the coefficient of heat 

transfer. As we know, the processes of heat dissipation in multidimensional areas 

are in a non-linear state. In such a process, the main attention is paid to heat capacity. 

For the process of heat dissipation without any scratches, the initial temperature 

(Cauchy condition) must be given. For non-linear heat dissipation, quasi-linear 
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diffusion models, the spatial localization property and the thermal dissipation effect 

with limited speed have been studied by many scientists over the years. It was also 

used in nonlinear processes encountered in multidimensional areas of the studied 

mathematical models and found new effects not characteristic of linear equations. 

The scientific research devoted to nonlinear systems for cases of varying density, 

conductibility capacity of the environment, conductibility of convective migration, 

which leads to parabolic equations with distortion, has begun to be viewed as the 

main problems of the present day. In order to impress the process of heat dissipation 

without lines in multidimensional areas, we see the following equation in 

( ) RxRtxtQ = + ,:,  area:                       

( ) ( )  uuvuuuxuxAu l
p

km

t ++




 +−

−
−
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21                             (1) 

       initial (Cauchy condition) 

( ) ( ) ,0,0 0 = xuxu                                                              (2) 

       let condition given. 

       Here ( )txu , -the temperature of the heat, ( ) ( )Qctv  -the speed of the environment, 

( ) ( ) qn
xxxx ==

−

21 , -the density of the environment, which is a continuous function 

 - parameter,  u - represents the positive ( 1+= ) or negative ( 1−= ) power of the 

source of heat. 

 (1) the equation represents a number of physical processes: the reaction 

diffusion process in a non-linear environment, the heat dissipation process in a non-

linear environment, the filtration of liquid and gas in a non-linear environment, they 

represent the existence of the law of polytropy and other non-linear displacements. 

(1) the Cauchy issue and boundary value issues for the equation were observed by 

many authors in one-dimensional and multi-dimensional cases [1-5]. 

 (1) in the processes represented by the equation, the phenomenon of finite 

distribution of temperature occurs [4]. In the presence of an absorption coefficient, 

the phenomenon of the “rear” front can occur, that is, the Left front can stop after a 

certain time and move along the medium. 

 

Solution Method 

There are many ways to find a solution to the above (1) equation: in functional 

analysis, it is possible to solve with the help of spaces, in mathematical physics and 

differential equations, to build differential operators, and in practical mathematics, 

mainly by methods of constructing an self-similar solution.  
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 (1) we write the equation for N=2 case as follows: 
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here, 1;1 3 − −iii  ,  iiu - the source of heat, ( ) ( ) 2,1,,0|, 00 === iRxxuxtu N

iti

- the balance of conditions. 

here is the size of the space. This replacement is called a radial-symmetrical 

replacement. 

From the above substitution (3) the system of equations changes as follows: 
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(4) in order to solve the system of equations, we initially look for the solution as 

follows: 

( ) ( ) 2,1;;, === − ivrwvrtu ii
i                                                      (5) 

 here 
i

 - the number being searched, iw - an unknown function,  - parameter, 

.const=  

(5) provisions (1) we apply to the system of equations: 

   

( ) ( )( )

iiii

i

iiii

iii

iiii

iNNiNn

l

i

p
k

im

i

NqmlpkqpN
k

i

p
k

im

i

Nqn

iii

nn

iii

nnin

wvu

d

dw

d

d
v

r

u
r

r
vr

d

dw

d

dw
w

d

d
v

r

u

r

u
ur

r
r

iwwvvwvvwvvv
t

u
r































−−

−−+−−−

−

−−+−++−+−−

−

−−+−

−−−−−−−−

−=









=






























=



























=−=−=




33

12111

2

11121

2

11

111

3

2,1;

 

v -we set the following conditions for the function: 
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As a result, we will have a new equality 
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( ) ( )( ) iiiii lpkmpq  −=−+=−+−++− 32112                                   (6) 

(6) from the equation, the following system of linear equations is formed: 

( )( ) ( )
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(7) we use the Kramer method to solve a system of equations: 
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 (5) if we take the substitution (4)-into the system of equations a new system 

of equations is formed: 
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( )iw -we are looking for the function as follows: 

( ) ( ) ( );;  == ii fw                                                                   (9) 

(9) - if we take the equation (8) into the system of equations 
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Proof. It is sufficient to show that, under these constraints, function 

));(( 2afQ =+  is the upper solution of problem (13)-(14) (i.e., 0)( +QD ) 

everywhere in ( )
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Substituting function 1 in (13) we get. 
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To fulfill inequality 0+DQ  in (10), it is necessary to fulfill condition 0)(1 F  for 

all Tln , which takes place under the imposed conditions on T and s , specified in 

the conditions of the lemma. Then, due to the uniform boundedness of  functions 

)(1 F  and )(2 F , for all sufficiently large 2

2a , the inequality will be satisfied 
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which provides the implementation of inequality 0+DQ . In turn, for large 2a , the 

estimate is also valid 

);)(ln();(ln)( 20 aTfTQQ  = + , 

and hence ( )( )2;ln aTf   is the upper solution of problem (13)-(14) (Lemma 2.). 

Respectively ),( tw+  is the upper solution of problem (4)-(5), and ),( xtu+  is the 

problem (1)-(2). The lemma is proved. 

Theorem. For any function )( 1

00 RCu  , there are constants 0−a , 0+a , and 

1T  such that the solution of problem (1)-(2) in 
1),( RT +  satisfies the inequality 
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Results of numerical experiments and visualization 

When solving the problem numerically, the equation is approximated on a grid using 

an implicit scheme of variable directions (for the multidimensional case) in 

combination 

with the balance method. Iterative processes were built on the basis of the Picard, 

Newton 

method as well as special method. 

A computational algorithm has been developed. When developing software that 

illustrates the simulation process of solution behavior over time (visualization), the 

Visual Studio 2019 C# environment was used with the inclusion of the Open GL 

graphics library. 

The results of computational experiments show that all iterative methods are suitable 

for the constructed scheme. To achieve the same accuracy, the Newton method 

requires fewer iterations than the Picard method. In some cases, the number of 

iterations is almost twice, and the maximum number of iterations is 3-4 times less 

than in other methods. Since power-law nonlinearity is present in the right-hand side 

of equation (1), naturally the special method gives better results than the Picard 

method. 

As a test example, we used solutions of equation (1) obtained by the methods of 

reference equations and nonlinear splitting [2]. Figures 1-4 show the calculation 

results for various values of parameters ,,,,,, lkmnp  and time. 

 
Fig.1. p=2.5, n=1, m=1.4, k=1, l=1 
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Fig.2. p=2.4, n=1, m=1.2, k=1.3, l=1 

Conclusion 

The results of computational experiments show that all of the listed iterative methods 

are effective for solving nonlinear problems and lead to nonlinear effects if we use 

self-similar solutions constructed by the nonlinear splitting method and the standard 

equation 

method as the initial approximation of the solution [4, 6].  

Note that in each of the cases considered, the Newton method has the best 

convergence 

due to the choice of a good initial approximation. In some cases, the total iteration 

amount is almost two times and the maximum iteration is almost 4 times less than 

other 

methods. 

The results of numerical calculations show the effect of the finite velocity of 

disturbance 

propagation and the localization of the solution depends on the values of the 

numerical 

parameters. All results of numerical experiments are presented in the form of 

visualized 

animation. 
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